. The definition of Wyckoff positions in simple rectangular, square, and triangular lattices and the nontrivial flows of Wannier centers as k z changes from 0 to π. Fig. S2 . Real-space constructions for TCIs protected by C 2,4,6 -rotation and time-reversal symmetries. References (4 -50) 5
All Dirac cones can be moved to generic momenta with symmetric perturbations We consider the Dirac cones appearing between the ν-th and the ν+1-th bands in some 2D system. We assume that the total number of Dirac cones is even, because if it is odd we return to the well-known surface state of a topological insulator protected by time-reversal symmetry. When the total number is even, there must be an even of Dirac cones at generic momenta and an even number of Dirac cones at high-symmetry momenta. Here these points are: Γ, X , Y , M in a C 2 -symmetric lattice, Γ, X and M in a C 4 -symmetric lattice, and Γ, K and M in a C 6 -symmetric lattice. Now we show that one can break translation symmetry without breaking rotation or time-reversal, such that all the original high-symmetry points are folded to the origin, i. e., Γ in the folded Brillouin zone. For the C 2 -case, simply add the following charge density wave perturbation
and one can easily check that X, Y and M are folded back to Γ.
For the C 4 -case, there are two X -points, denoted by X 1 and X 2 , and we consider the perturbation
so that X 1 , X 2 and M are all folded to Γ.
Finally, for the C 6 -case, we consider the following perturbation δV (r) = V 1 [cos(K·r)+cos(K·C 3 r)+cos(K·C −1 3 r)]+V 2 [cos(M 1 ·r)+cos(M 2 ·r)+cos(M 3 ·r)] (3) and K, −K, M 1,2,3 are all folded to Γ.
It is easy to explicitly check that these terms preserve rotation and time-reversal. After these translation-breaking perturbations, there are an even number of Dirac cones at Γ. Each Dirac point is an irreducible representation of the symmetry group. Shifting their relative energy perturbatively preserves the rotation and time-reversal symmetries. Observe that starting with any filling number ν, after folding the new filling number ν = 4ν for C 2and C 4 -cases and ν = 6ν for the C 6 -case, so that ν is always even. For any even integer filling, it is always possible to remove the Dirac points away from Γ to generic momenta by infinitesimally shifting their energies.
Up to this point, we have shown that all Dirac cones can be perturbatively moved to generic momenta without symmetry-breaking for any given Fermi energy (filling), as long as the total number of Dirac cones is even.
Bulk invariants
In this section, we propose the forms of the bulk invariants which characterize the new TCI having topological surface states shown in Fig.1(a,b ,c), following the method outlined in (16). These invariants are expressed in terms of the Z 2 -flow of Wannier centers (WCs) between the k z = 0 and the k z = π planes, considering each k z -slice as a 2D subsystem.
The Wannier centers are defined in the following way. For a given gapped 2D Hamiltonian H (k x , k y ) with occupied bands whose periodic parts of the wavefunctions are denoted by
If the Chern number for all occupied bands vanish, it is proved that one can always find another set of functions |w i (k x , k y )〉 that are (i) smooth for k on a two-torus and (ii) the following equation
is satisfied at each k. Wannier centers are two-vectors (P i x , P i y ), defined as the 2D-polarization of all |w i (k)〉 (18)
Physically, the WCs can be considered the "charge centers" of the electronic bands, and give us real space understanding of the electronic structure of an insulator. It is obvious that |w i (k)〉 = U i j (k)|w j (k)〉 is another set of functions satisfying conditions (i) and (ii) above for any unitary U (k); therefore, WCs are highly gauge-invariant quantities. Unlike in 1D, there is no "canonical" way of choosing |w i (k)〉's whose Fourier transform give maximally localized Wannier functions (45).
Thanks to the insight in (46) (47) (48) , we now understand how WCs are related to nontrivial topology of the system: one can (cannot) find a set of |w i (k)〉 that forms a representation of the space group when the insulator is topologically trivial (nontrivial). For example, when the insulator having two occupied bands is a 2D TI, the |w i (k)〉's will never satisfy T |w i (k)〉 = i j |w j (−k)〉, or that the two WCs do not coincide. In the following, we make the following conjecture: in 2D with time-reversal, rotation symmetry does not give us additional topologically nontrivial classes. It is equivalent to the statement that when a 2D time-reversal invariant insulator is not a time-reversal TI, it is equivalent to some atomic insulator. For an atomic insulator, one can always find a set of |w i (k)〉 that form a doublevalued representation of the space group. In the following, we have assumed that k z = 0-slice and k z = π-slice are not 2D time-reversal TIs, so that each k z -slice is topologically equivalent to a 2D atomic insulator. This conjecture is supported by the absence of symmetry indicators when only time-reversal and rotation symmetries are present in 2D in class AII (47).
While WCs are in general gauge-variant, in (16) Away from these two high-symmetry slices at k z = 0 and k z = π, the WCs do not have to appear in Kramers' pairs, but their distribution should be symmetric under C 2,4,6 . Their positions are, however, completely gauge-variant. If one plots the WCs as a function of k z , one obtains a set of curves connecting the WCs at k z = 0 and k z = π, that is, flow between these two sets of WCs. Physically, these flows indicate how the charge center moves as k z goes from 0 to π, and therefore tell us if surface/edge states appear when we vertically cut the insulator (16). A typical trivial flow is zero flow when the WCs at k z = 0 and at k z = π are the same, and we define trivial flow as all flows that can be adiabatically tuned to a trivial flow.
The nontrivial flows in the C 2,4,6 cases are plotted in Fig.1 . The flows in Fig.1(a,b,e ) corresponds to weak topological insulators, and the flows in Fig.1(c,d,f 
is the number of WCs on the k z -slice at planar momentum (k x , k y ).
New TCI protected by inversion and time-reversal
In the presence of both inversion and time-reversal, it has been shown that a double-copy of a 3D TI is still topologically nontrivial (39, 40, 47) . Here we demonstrate that the boundary manifestation is generically a 1D helical edge mode localized on the surface of the three-disk with open boundary condition in all three directions. To see this, we first consider a 3D TI in a uniform magnetic field. Suppose that the field is along the z-direction, then the upper hemisphere under the field has Chern number +1/2 and the lower hemisphere −1/2, leaving a gapless equator along which a chiral edge mode runs. Now we superimpose the time-reversal copy of this resulted state, and obtain a helical edge mode along the equator.
The helical edge mode is certainly stable against any perturbation preserving time-reversal symmetry, but without additional symmetries, this circle may shrink into a point and gap out. But as long as inversion symmetry is present, this is impossible: for any gapless point, its antipodal point must also be gapless. Upon arbitrary perturbations that do not close the bulk gap, the gapless circle can be distorted to arbitrary shape but remains a loop of antipodal points.
Dimensional reduction and extension to strongly interacting SPT In the study of mirror symmetry protected topological crystalline insulators, or more general mirror symmetry protected topological states, the perspective of dimension reduction greatly simplifies the physical picture (33, 43) . Here we show that the rotation symmetry protected topological states can be understood in this perspective. Starting from the case of twofold rotation, we notice, from previous discussion, that the top (bottom) surface can be symmetrically gapped into two domains, leaving gapless domain walls. And the two helical edge modes at the domain walls on the top and the bottom surface, together with the one-dimensional helical edge modes on the side surface make a closed loop, i. e., the edge of a two-dimensional topological insulator. Therefore, the C 2 -protected new topological crystalline insulator, when translation symmetry is ignored, is equivalent to a vertical two-dimensional topological insulator that contains the C 2 -axis and invariant under C 2 -rotation, schematically shown in Fig.2(a) . Similarly, one can show that the fourfold and sixfold rotation protected topological crystalline insulators are equivalent to, respectively, a set two and three vertical twodimensional topological insulator, symmetrically arranged about the rotation axis., shown in Fig.2(b,c) . These two-dimensional topological insulators are hence the 'skeletons' of the topological crystalline insulators, or their minimal constructions. It is easy to extend these constructions to full three-dimensional models with translation symmetry: one simply replaces each two-dimensional topological insulator with a parallel array of two-dimensional topological insulators. [see Fig.2(d-f ) ]. For the case of fourfold rotation, this construction is essentially the same as the coupled wire construction in (16), because each two-dimensional topological insulator can be constructed from helical wires.
These simple constructions can be readily generalized to strongly interacting systems of bosons and fermions. We notice that a two-dimensional topological insulator is a fermion SPT protected by some internal symmetry that is time-reversal. Therefore, we can replace the two-dimensional topological insulator with any two-dimensional symmetry protected topological state protected by internal symmetry group G ( ,5 ) , so that the resulted construction is a three-dimensional G ×C n symmetry protected topological state, having surface states on the top and the bottom surfaces, as well as n one-dimensional edge modes on the side surface, in a rod geometry. TCIs protected by
